Chapter 5

Topology

In this chapter, all linear spaces and flat spaces under consideration are
assumed to be finite-dimensional except when a statement to the contrary
is made.

51 Cells and Norms

We assume that a flat space £ with translation space V is given. Given any
two distinct points x,y € £, we define the open segment joining x and y to
be the set of all flat combinations of (x,y) with strictly positive coefficients
and denote it by

Jz,y={ e +py |\ pe P A+pu=1}. (51.1)

If s,t € R and s < t, the notation (51.1) is consistent with the notation
Jz,t[:=={reR|s<r<t} (see (08.16)). If [z, y] is the segment joining x
and y according to the definition (37.1), then

Jz,y[ = [z, y]\ {z,y}. (51.2)

The point %:c + %y € |z,y|[ is called the midpoint not only of the pair
(z,y), but also of the segments | z,y [ and [z,y].

Definition 1: A non-empty subset C of £ is called a cell centered at
qg € &€ if C is convex and if every line through q intersects C in an open
segment whose midpoint is q. A cell in V centered at 0 € V is called a
norming cell of V.

The following facts are immediate consequences of the definition.
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Proposition 1: Let B be a norming cell; then —B = B and AB + uB =
(A4 w)B for all A\, u € P, also, if t € R*, then tB is again a norming cell.

Proposition 2: The intersection of a non-empty finite collection of
norming cells is again a norming cell.

Defition 2: The closure of a norming cell B is defined to be

B:=(\{tB|te1+P*}. (51.3)

It is clear that B includes B and, being the intersection of a collection of
convex setrs, is convex (see Prop. 1 of Sect. 3.7).
The following results are immediate from the definitions.

Proposition 3: A non-empty subset B of V is a norming cell if and
only if it is convex and for all u € V* there is an r € P* such that

BNRu=(]—r,r[)u=|—rurul. (51.4)
If B is a norming cell and if (51.4) holds then

BNRu = ([-r,7])u=[ru,rul. (51.5)

Proposition 4: If B is a norming cell and r € [0,1 [ then

B= |Jw= | B (51.6)

te[r,1] te[r,1|

and

B:= () tB= () tB. (51.7)

tel14+P> tel4+P>

Definition 3: A function v :V — P is called a norm on V if

(N1) v(sv) = |s|v(v) forall se R, veV,
(N2) v(u+v) <v(u)+v(v) for all u,v € V,
N3) v(v)=0=v=0.

The term “norming cell” is justified by the following result.
Proposition 5: If v is a norm on V), then

Ce(v) :=vS(0,1)={veV|v(v) <1} (51.8)

is a norming cell. Its closure is
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Ce(v) :=Ce(v) = v<([0,1]) = {v € V | v(v) < 1}, (51.9)

and for each u € V* we have

{sER|suECe(u)}:]—ﬁ,ﬁ[ (51.10)
and
{s€R|sucTo(v)} = [—ﬁﬁ] (51.11)

Conversely, if B is a norming cell in V, then {t € P | v € tB} # 0 for
every v € V and nog : V — P, defined by

nog(v) :=inf{t € P | v € tB}, (51.12)

s a morm on V.

We have noce, = v and Ce(nog) = B.

Proof: Assume that v is a norm on V. Let u,v € Ce(v) be given, so
that v(u) < 1, v(v) < 1. Given w € [u, v], we have w = Au + pv for some
A, € P such that A+ p = 1 (see (37.1)). Hence, by (N7) and (N2), we
obtain

v(w) <v(du) +v(pv) = Av(u) + Av(v) < A+ p =1,

which shows that w € Ce(v). Since u,v € Ce(r) and w € [u,v] were
arbitrary, it follows that Ce(v) is convex. Now let u € V* be given. Then
v(u) # 0 by (N3) and hence, by (N1), we have

Ce(v)NRu = {su|seR,v(su)<1l}={su|seR,|s|v(u) <1}

= {su|s€R,|s|<ﬁ}:]—ﬁ, V(lu)[u.

By Prop. 3, it follows that Ce(v) is a norming cell and that (51.10) holds.
Let v € V be given. By the definition (51.3) we have v € Ce(v) if and
only if v € tCe(v) for all t € 1 +P*. Now, given ¢t € 1 4+ P>, we have
vetCe(lr) <= 1veCle(v) < v(iv)<l

—

=

v(iv) <1l <<= v(v)<t.
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Since v(v) < t holds for all t € 14+ P> if and only if v(v) < 1, it follows that
v € Ce(v) if and only if v(v) < 1, which proves (51.9).
Let u € V* be given. By (N3), 1 we have v(u) # 0 and hence, by (51.9),
Ce(v)NRu = {su|s€eR, v(su) <1}

= {su|seR,|sly(u) <1}

= {su|sER,|S|§ L }

v(u)

- {_%uw u<1u>] bt

which proves (51.11).

Assume that B is a norming cell. Let v € V be given. If v = 0, then v
e tBforallt € P. Hence {t € P | v € tB} =P, and (51.12) gives nop(v) = 0.
Assume, then, that v # 0 and let » € P* be determined according to
Prop. 3. By (51.4) we then have, for all s € P*, sv € B & s < r and
hence, for all t € P*, v € tB & % <rst> % Therefore we have
{teP|vetB} =14+P+#0, and (51.12) gives nog(v) = L # 0. We
conclude that v := nop is meaningful and satisfies (N3).

Let s € R* and v € V be given. Since B = —B by Prop. 1, we have
sB = |s|B and hence, for all t € P,

v € tB < sv € [s|tB.
It follows, by (51.12), that

v(sv) = inf{|s|t | v € tB} = |s|v(v)

and hence that v satisfies (Np).

Now let u,v € V be given. Given A € v(u) +P* and p € v(v) +P*, we
have, by (51.12), u € AB and v € uBB. Using Prop. 1, it follows that u + v
€ MB+ uB = (A + pu)B and hence, by (51.12) again, that v(u+v) < A+ p.
Since A € v(u) + P* and p € v(v) + P* were arbitrary, it follows that
v(u+v) <v(u)+r(v), ie., that v satisfies (N2). ®

The “subaddivity law” (N2) extends, of course, to sums of arbitrary finite
families (see Sect. 07): If v is a norm on V and (u; | ¢ € I) a finite family in
V, then

v (Zul> < ZV (w;). (51.13)

icl el
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The following results are immediate from Def. 3 and Prop. 5.

Proposition 6: If v is a norm on V and r € P*, then rv (defined by
(rv)(v) = r(v(v)) for allv € V) is again a norm on'V and Ce(rv) = L1Ce(v).
If B is a norming cell in V and t € R*, then no(,z) = ﬁnoB.

It is clear that a subset C of &£ is a cell centered at ¢ € £ if and only if
C — ¢ is a norming cell. If B is a norming cell, ¢ € &£, and o € P*, then
q + 0B is a cell centered at q.

Definition 4: If B is a norming cell of V, then every cell of the form
qg+oB, witha € £, o € P*, is called a cell modelled on B of scale 0. The
closure of a cell of this form is defined to be q + oBB, where B is defined by
Def. 2.

Ifvis a norm onV, q € £, and o € P*, then the cell

g+ 0Ce(v)={z el |vr—q) <o}, (51.14)

modelled on Ce(v), is called the v-cell of scale o centered at q.
In view of (51.9), the closure of the cell (51.14) is given by

q+0Ce(v)={zc€|v(r—q) <o} (51.15)

Remark: If dim€ = dimV = 0 then £ and V are singletons, the only
cell in £ is &€ itself and the only norming cell is V. The corresponding norm
is the constant 0. The conditions of Def. 1 are satisfied in this case because
&€ and V include no lines at all. The express requirement that a cell be
non-empty is needed only for this case. If dim€& = dimV > 0, then £ and V
are never cells.

In a few of the formulas below we must tacitly assume that dim€& =
dim VY > 0, becase the empty family is the only basis of ¥V where dimV = 0.
All the results of this chapter become trivial when dim& = dimV = 0.
In some formulas, such as (52.1) and (52.4), one must remember that the
supremum of the empty set, when regarded as a subset of P or P, is 0. m

Examples:

(A) Boxes. Let b := (b; | i € I) be a basis of V and let
b* := (b} | i € I) be its dual basis. The norming box determinged
by b is defined to be
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Box(b) = 'Ql(bf)<(]_171[)

= {veV| |bfv| <1 forallie I}

:(m%g(}JJV)

= {inbi

iel

)\GRI,])\¢]<1foralli€I}.

(The case when dimV = 2, I = {1, 2} is illustrated in Figure 1.) The closure
of Box(b) is

Box(b) = {inbi

Ae RN <1 for alliel}
el

Figure 1.

The norm corresponding to Box(b) is given by

N0Box(b) (V) = max{|bjv| | i € I} (51.16)

A box in £ is defined to be a cell modelled on a norming box, i.e., a set
of the form

g+ oBox(b) ={z € &||bj(x —q)| <o foralliel} (51.17)

with g =&, o € P*.
(B) Diamonds. Let b be a basis of V, with dual b*, as in example (A).
The norming diamond determined by b is defined to be
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Dmd(b) := (ZHﬁ’) (]-1,1])

iel

= {v € V‘Z|ij| < 1} = {ZAibi

iel

AeRLD N < 1}.

iel i€l

(The case when dim V = 2, I = {1, 2} is illustrated in Figure 2.) The closure
of Dmd(b) is

Dmd(b) = {ZAibi AeRD) N[ < 1}.

iel el

Figure 2.

The norm corresponding to Dmd(b) is given by

nOpmd(b) (V) = Z [biv]. (51.18)
i€l
A Diamond in € is defined to be a cell modelled on a norming diamond,
i.e., a set of the form

q + pDmd(b) = {xeg‘ Z|b;‘($—q)| <p}. (51.19)
iel

(C) Balls. Assume that £ is a genuine Euclidean space, so that V
has the structure of a genuine inner product space. Then the magnitude-
function |- | : V — P (defined by |v| := /v -v for all v € V) is a norm.
The corresponding norming cell is the unit ball UblV defined by (42.7). Its
closure in the sense of Def. 2 is the closed unit ball UblV defined by (42.8).
A cell modelled on UblV the sense of Def. 4 is just a ball in £ as defined by
(46.6) and its closure is the closed ball defined by (46.7). Also, a | - |-cell of
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scale p centered at ¢ in the sense of Def. 4 is just a ball of radius p centered
at q. m

The proof of the following result is based on the Halfspace-Inclusion
Theorem of Sect. 38.

Proposition 7: Let B be a norming cell and U a one-dimensional sub-
space of V. Then there is a linear form XA € V* such that

A(B)=A(BNU)=]-1,1]. (51.20)

Proof: By the definition of a cell, there is a u € U™ such that
BNU = ] —u,u[ and hence (B+u) N U = ]0,2u] . Since B + u is
convex and 0 ¢ B + u, we can apply the Halfspace-Inclusion Theorem to
obtain ay € V* such that 4 (B+u) C P. Since v # 0, thereisav € (V*)*,
such that yv € P*. In view of Prop. 3 there is a t € P* such that —tv € B
and hence —tv +u € B+ u. Thus we have 0 < y(—tv+u) = —t(yv) +~u,
which implies yu > 0. It is easily verified, using (51.4), that A := (,y%)'y
has the desired property (51.20). m

Proposition 8: For every norming cell B in V and every X € V*, the
image A~ (B) of B under A is a bounded subset of R.

Proof: Put

A= {)\ eV As(B) is bounded} .
Let u € V* be given. Applying Prop. 7 to the case when U := Ru, we
see that there is a A € A such that Au # 0. Since u € V* was arbi-
trary, we conclude that A+ = {0}. Hence, by (22.5), we conclude that
A=(AHt={0}t =V m

Norm-Equivalaence Theorem: for all norms v and v’ on 'V there are
h,k € P* it such that hv < v/ < kv (value-wise).

Proof: We choose a basis b := (b; | i« € I) of V, with dual
b*:=(b} | i e I).

Let v € V be given. We then have v = Y (\b; | i € I) with
A= (bfv | i € I) € RI. Using the properties of (N7) and (51.13) for
the norm v/, we obtain

V(v) <> Il (by) < (r?éa]x\)\i]) > V(by).
i€l i€l

In view of (51.16), and since v € V was arbitrary, we obtain
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V' < 5 NOBox(b), (51.21)

where s := > (V(b;) | i € I) € P*.
On the other hand, by Prop. 8, (b})s(Ce(v)) is a bounded non-empty
subset of R for each ¢ € I and hence

t:= malxsup{]bfu| u € Ce(v)}.
S
Vv

Now let v € V* be given. If we put u := (v then v(u) = 3 <1 and
hence u € Ce(v). It follows that

NOBoy(b) < 2tv. (51.22)

Combining (51.21) and (51.22), we find that v/ < kv with k := 2st € P*.
Interchanging the roles of v and v/ and replacing % by h, we see that also
hv < V' for some h € P*. m
Using Prop. 5, we immediately obtain the following corollaries.
Corollary 1: If B and B’ are norming cells in V, there are p,o € P*
such that

pB C B c oB.

Corollary 2: Let v and V' be norms onV and q be a point in £. Then
every v-cell centered at q includes a V'-cell centered at q and is included in
a v-cell centered at q.

Let & and & be flat spaces with translation spaces V; and V5. Recall
that £ x & has the structure of a flat space with translation space V1 X Vo
(see end of Sect. 32). It is easily seen that if By and By are norming cells
in Vi and Vs, respectively, then B; x Bs is a norming cell in V; x V. If
V] 1= 1N0g,, V2 1= nop, and v 1= nog, x5,, then

v((vi,ve)) = max{vi(vy),e(ve)} forall (vi,ve) € By x By, (51.23)

Let F be a flat in £. Since F has the structure of a flat space, it makes
sense to speak of cells in F. It is immediate that if C is a cell in £ centered
at a point ¢ € F, then C N F is a cell in F centered at q. Conversely, if C’
is a cell in F centered at ¢ € F, we can construct a cell C in £ such that
C' =CN F as follows: We choose a supplement W of the direction space of
F and a norming cell B of W. Then C := C’ + B is easily seen to be a cell
in £ such that (' =CnN F.
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Notes 51

(1) The term “ball” is often used for our “cell” and “unit ball” for our “norming cell”.
I prefer to limit the use of “ball” and “unit ball” to the special case discussed in
Example (C).

(2) The notation ||ul| is commonly used for the value of a norm at u. This notation
makes it hard to deal with all possible norms, as we do here. I like to reserve the
use of double bars for operator-norms as defined in Sect. 5.2. See also Note 2 to
Sect. 42.

(3) What we call a “box” is often called a “parallelotope”, a “parallelepiped” (if the
dimension is 3), or a “parallelogram” (if the dimension is 2).

(4) What we call a “diamond” is sometimes called a “cross-polytope”.

(5) When V := R’ for some finite set I and when b := §”, the standard basis defined
by (16.2), then the box-norm and diamond-norm are often called “I*°-norm” and
“I'_norm”, respectively. However, these latter terms are more often used in an
analogous but infinite-dimensional situation.

(6) No treatment of the topology of finite-dimensional spaces that I am aware of deals
with the Norm-Equivalence Theorem in the way I do here. In the conventional
treatments a fixed norm (often the magnitude norm on R™) is assumed to be pre-
scribed, and the definitions of the topological concepts all depend, at first view,
on that norm. On occasion the Norm-Equivalence Theorem is proved as an af-
terthought, and the proof is then based on theorems involving compactness. The
definitions of the topological concepts I gave in this chapter do not depend, even
at first view, on the choice of any particular norm. I need the Norm-Equivalence
Theorem long before I can define compactness. My proof is based on the Half-Space
Inclusion Theorem, which does not involve topology at all.

52 Bounded Sets, Operator Norms

Definition 1: A subset S of a flat space & is said to be bounded if for
every a € FIf(E), the image a~(S) is a bounded subset of R (see Sect. 36).

If R is regarded as a flat space, this definition is clearly consistent with
the usual definition of boundedness of subsets of R (see Sect. 08).

It is evident that every subset of a bounded set is bounded, that finite
sets are bounded, and that the union of a finite collection of bounded sets
is again bounded.

The following result is immediate from the definition.

Proposition 1: The image of a bounded set under a flat mapping is
again bounded. If € is a flat space with translation space V and if v €V and
x € &, then a subset S of £ is bounded if and only if S + v is bounded and
if and only if S — x is a bounded subset of V.

We note that the convex hull of a non-empty bounded subset S of R is
included in the interval [inf S, sup S] and hence is itself bounded. Using this
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fact, Def. 1, and the fact that flat functions preserve convex hulls (see Prop.
5 of Sect. 37) we obtain the following result.

Proposition 2: The convex hull of every bounded subset of € is again
bounded.

Using Prop. 8 of Sect. 51 and Prop. 1 above, one immediately obtains
the following result.

Proposition 3: Fvery cell in £ is bounded.

Cell-Inclusion Theorem: Let a point g € £ and a norming cell B in
V be given. A subset S of £ is bounded if and only if it is included in a cell
modelled on B and centered at q.

Proof: The “if” part follows from Prop. 3. Assume, then, that S is a
bounded subset of £. By Prop. 1, § — ¢ is then a bounded subset of V, so
that A~ (S — ¢) is a bounded subset of R for all A € V*. Choose a basis
b:= (b; | i € I) of V with dual b*. The sets v € S — g are bounded for all
i € I. Hence we may, and do, choose h € P* such that h > max(|b}v]| |i € I)
for all v € S — ¢. In view of (51.16), this means that

NOBox(b) (V) < h forall veS—gq

and hence

S C ¢+ h Box(b).

Therefore, S is included in a cell modelled on Box (b) and centered at g.
By Cor. 1 of the Norm-Equivalence Theorem of Sect. 51, S is also included
in a cell modelled on B and centered at gq.

Corollary 1: Let g € € and a norm v onV be given. A subset S of £ is
bounded if and only if v~(S — q) is a bounded subset of P.

The v-diameter of a subset S of £ is defined to be

diam,(S) := sup v(z —y) € P. (52.1)
z,yeS

Corollary 2: Let v be a norm on V. A subset S of £ is bounded if and
only if it has finite v-diameter.

Let V and V' be linear spaces and let v and v/ be norms on V and V',
respectively. If L € Lin(V, V') then, by Prop. 3 and Prop. 1, L~ (Ce(v)) is a
bounded subset of V'. Hence, by Corollary 1 of the Cell-Inclusion Theorem,
v (Ls(Ce(v))) is a bounded subset of P and therefore has a supremum in
P.

Definition 2: If V,V’ are linear spaces, v,V respective norms on V, V',
and L € Lin(V,V’), then
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Il := sup 4 (L (Ce(v))) € P (52.2)

is called the operator norm of L relative to v,v/.

The following fact, easily verified, justifies the use of the term “norm”
(see Def. 3 of Sect. 51).

Propositon 4: The function (L — ||L||,,/) : Lin(V,V') — P is a norm
on Lin(V, V).

Alternative descriptions of the operator norm are as follows.

Proposition 5: We have

Ll = supr’(Ls(Ce(v))) (52.3)
= su v(Lv) v x
= p{ ) VeV } (52.4)
= inf{oc € P|Lx(Ce(v)) C cCe(V)} (52.5)
= inf{loc €eP |V oL <ov}, (52.6)
so that
V' (Lv) < ||L|jyv(v) forall vev. (52.7)

Repeated applications of (52.7) gives the following result.
Propositon 6: If V,V'. V" are linear spaces, v,V , V" respective norms,
L € Lin(V,V") and M € Lin(V,V"), then

||MLHV,V” < HMHV’,V”HLHV,V’- (52-8)
If V is a linear space with norm v, we write
IIL||, :=||L||,,, when L € Lin(V). (52.9)
If V is non-zero, we have

1y, =1 (52.10)

no matter what v is.
If V,V' are non-zero linear spaces with respective norms v, and if
L € Lis(V,V’), then

—1 _
(ITllr) ™ <L, (52.11)
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as is clear from (52.10) and Prop. 6.

Let V be a linear space and V* its dual. If v is a norm on V, we define
the dual norm v* on V* so that v*(\) is the operator norm of A € V* :=
Lin(V, R) relative to v and the absolute-value-norm on R. Thus, by Prop.
5, we have

v*(A) = sup{|Av||ve %(V)} (52.12)
= sup{|Av||v e Ce(v)}. (52.13)
= su [Av] v x
- p{y(v) lvev } (52.14)

The dual of the dual of a norm v on V is a norm on V** ~ V. The
following result states that this dual of the dual norm coincides with the
original norm v.

Norm-Duality Theorem: If v is a norm on the linear space V, then
v =v" when V is identified with V**. Specifically, we have

v(v) = sup{|Av||A € Ce(rv")} forall veV. (52.15)
Proof: It follows from (52.14) that

IAv| < v (A)p(v) forall veV eV, (52.16)
Now let v € V be given. By (52.16) we have

[Av| )X
< .
eV v(v) forall X e (V%)

Hence, using (52.14) with A replaced by v,V by V*, and v by v* we get
v (v) <wv(v).

If v.=0 we have v(v) = 0 = v**(v). If v € V*, we apply Prop. 7
of Sect. 51 to B := Ce(r) and U := Rv to obtain a A € V* such that
Av = v(v) and [Au| < 1 for all u € Ce(v). In view of (52.12), we have
v*(A) < 1 and hence A € Ce(v*). Thus, using (52.13) with X replaced by v,
V by V*, and v by v*, we get v**(v) > Av = v(v) and hence v**(v) = v(v).
Since v € V was arbitrary, the conclusion follows. m

Proposition 7: IfV, V' are linear spaces with respective norms v,v' and
if L € Lin(V,V'), then

HLTHV'*,V* = HL”V,V’- (5217)
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Proof: Let u € V™ be given. Applying Prop. 6 to the case when
V" := R, with absolute value as norm, and when M is replaced by u, we get

v (LT p) = v*(uL) < ||L||, 0" ().

Using (52.6) with L replaced by LT we get | LT ||, .+ < ||L||,..». Apply-
ing this inequality to the case when L is replaced by LT and v,/ by v*, v*,
we also get

LT e e < LT e e

Since LT = L and since v = v** and v/ = v/** by Prop. 7, we obtain
|Ll,» < |LT||,~ .+ and hence (52.17) m

Examples:

1. The dual of a box-norm is easily seen to be a diamond-norm and vice-
versa. Specifically, if b is a basis of V and b* its dual basis, then

(10Box (b)) = NOD ma(b+)- (52.18)
(See Problem 6.)

2. If V has the structure of a genuine inner-product space, one can con-
sider the magnitude norm | - | on V. The dual of | - | is a norm on V*.
Since V is identified with V* by means of the inner product this dual
norm can be viewed as a new norm on V. Using the Inner-Product In-
equality of Sect. 42, one easily proves that the dual of the magnitude
is the magnitude itself.

3. Let V and V' be genuine inner-product spaces. The operator norm on
Lin(V, V') relative to the magnitudes in V and V' is denoted simply by
Il - ||, so that

L
I|IL| := sup{m ]VEVX}. (52.19)

vl

On the other hand, the space Lin(V, V') has a natural genuine inner
product, defined by (44.5), and an associated magnitude-norm | - [,
defined by (44.13). This magnitude-norm | - | is distinct from the
operator norm |-| unless V or V' have dimension one or zero. We will
see in Sect. 8.4 that
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1
LI > L > =[L| forall Le Lin(V, V') (52.20)

when n:=dimV > 0. m

Notes 52

(1) In the conventional treatments, boundedness is defined by the condition of the
Cell-Inclusion Theorem. The concept obtained in this way is, at first view, a
“boundedness relative to a norm (or norming cell) and a point”. The boundedness
is equivalent to the intrinsic concept of boundedness used here. This intrinsic
concept corresponds to what is called “weak boundedness” in infinite-dimensional
situations, where the two concepts are not equivalent.

53 Neighborhoods, Open and Closed Sets

We assume that a flat space £ with translation space V is given.
Definition 1: A subset of £ is said to be a neighborhood (in &)
of a point x € & if it includes a cell centered at x. The collection of all
neighborhoods in € of x is denoted by Nhd, ().
Of particular importance is the set Nhdg(V) of all neighborhoods in V
of 0. It is clear that

Nhd,(€) = {z + N | N € Nhdo(V)}. (53.1)

The following results follow from Props.1, 2 of Sect.51.

Proposition 1: If N' € Nhdo(V) then —N € Nhdo(V) and tN €
Nhdo (V) for all t € R*.

Proposition 2: Fvery subset of £ that includes a neighborhood of x is
a neighborhood of x. The intersection of a finite collection of neighborhoods
of x is a neighborhood of x.

Using Cor.1 and Cor.2 of the Norm-Equivalence Theorem of Sect.51, one
immediately obtains the following result.

Proposition 3: Let B be any norming cell in V. A subset of £ is a
neighborhood of a point in & if and only if it includes a cell modelled on B
and centered at that point.

Let v be any norm on V. A subset of £ is a neighborhood of a point in
E if and only if it includes a v-cell centered at that point.

Definition 2: Let S be a subset of £. We say that the point x € £ is
interior to S (in £) if S € Nhd,(E). We say that z € £ isclose to S (in &)
if S meets every neighborhood of z, i.e. if N NS # 0 for all N € Nhd,(&).
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The interior and the closure of S are defined to be the set of all points
interior to S and close to S, respectively. They are denoted by

IntS:={zxe&|SeNhd,(E)}, (53.2)

CloS:={z €| NNS#D for all N € Nhd,(E)}. (53.3)

We will see later (Prop.12) that the definition of “closure” just given
does not clash with the one given in Defs.2 and 4 of Sect.51.
It is evident that
IntS c S cCloS. (53.4)

Also, the operations Int and Clo are isotone with respect to inclusion, i.e.

we have
SCT = IntSCcInt7 and CloSCCloT (53.5)

for all subsets S and 7 of £.

The interior and closure of a set S depend, on the face of it, not only
on S but also on the flat space £. We write Int ¢S and Clo ¢S if we wish to
make this dependence explicit. We shall see at the end of this section that
the closure is, in fact, independent of what one considers to be the flat space
that includes S. More precisely, if S is included in a proper flat F in &, then
Clo £S§ = ClogS. In this case Int ¢S is necessarily empty, but Int xS need
not be.

The following are easily seen to be valid for every subset S and &:

IntS#0 = FspS=¢, (53.6)
IntCloS D Int S, (53.7)
CloIntS C Clo S. (53.8)

In view of (53.1) and the definitions (53.2), (53.3) we have
Int(x4+R)=2z+IntR, Clo(x+R)=xz+CloR (53.9)

for all x € £ and all subsets R of V.
Proposition 4: The complement of the closure [interior] of a set is the
interior [closure] of its complement, i.e.

E\CloS =Int (€£\S), (53.10)

E\NIntS =Clo(€E\S) (53.11)
hold for all subsets S of €.
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Proof: Note that SN N = ) holds for a subset N of £ if and only if
N C £\ S. By the first statement of Prop.2, it follows that

(SNN =0 for some N €Nhd,(£)) < &\S € Nhd,(E).
Therefore, for every x € £, we have

relnt(E\S) <= £\SeNhd,(E)
— (SNN =0 for some N € Nhd,(£))
<~ x¢CloS
e 1e&\ClS,

which proves (53.10). To obtain (53.11), we merely need to substitute £\ S
for S in (53.10) and take the complement. |
The boundary of a subset S of £ is defined to be

BdyS :=CloS \ Int S. (53.12)

We say that S C £ is open if IntS = S and closed if CloS = S. We will
see later (Prop.13) that these definitions of “open” and “boundary” do not
clash with the ones given in Sect.38. The following results are consequences
of Prop.4 and Prop.2.

Proposition 5: A subset of £ is open [closed] if and only if its comple-
ment in € is closed [open].

Proposition 6: The union of any collection of open sets is open. The
intersection of any collection of closed sets is closed. The intersection of
a finite collection of open sets is open. The union of a finite collection of
closed sets is closed.

Proposition 7: If D is an open subset and G a closed subset of £, then
D\ G is open and G\ D closed.

The empty set () and the whole space £ are both open and closed. Let
q € €. In view of (53.9), a set S is open [closed] in € if and only if S — ¢ is
open [closed] in V.

Proposition 8: Fvery cell is open.

Proof: In view of Prop.5 of Sect.51, it is sufficient to show that for
every norm v on V, the norming cell Ce(v) is open. Let v € Ce(v). Then
0 <wv(v) <1 and hence

r:=1-v(v) e |0,1].
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If u e v+ rCe(v) then v—u € rCe(r) and hence v(v —u) < r. Using the
subaddivity property (N2) of the Def.3, Sect.51, we find that

v(u) <v(v—u)+vv)<r+r(v) =1,

i.e. that u € Ce(v). Therefore Ce(v) includes the cell v + r Ce(v) centered
at v, which shows that Ce(v) € Nhdy (V). Since v € Ce(v) was arbitrary, it
follows that Ce(v) is open. i

Proposition 9: The interior of every set is open and its closure is
closed.

Proof: Let S be a subset of £ and let z € Int S, so that S € Nhd,(E).
By Def.1, S includes a cell C centered at x. Since C is open by Prop.8, C and
hence S is a neighborhood of every point in C, which means that C C Int S.
It follows that Int S is a neighborhood of z. Since x € IntS was arbitrary,
it follows that Int S is open.

The proof just given and (53.10) show that £ \ Clo(S) = Int (£ '\ S) is
open. Hence, by Prop.5, Clo S is closed. i

It follows from Props.6 and 9 that the closure-mapping
Clo : Sub& — Sub&, which assigns to each subset of £ its closure, is
nothing but the span-mapping corresponding to the (intersection-stable)
collection of all closed subsets of £ (see Sect.03). Using (03.26) and Prop.4
one obtains

Clo(CloS) =CloS and Int(IntS)=1IntS (53.13)

for all S € Sub &. Moreover, we have

Proposition 10: The interior of a set is the largest (with respect to
inclusion) among the open sets included in it. The closure of a set is the
smallest (with respect to inclusion) among the closed sets that include it.

Applying Prop.9 and Prop.7 to (53.12), we find

Proposition 11: The boundary of every set is closed.

The following result shows that the closure of a norming cell in the sense
of Def.2 above coincides with its closure in the sense of Def.2 of Sect.51.

Proposition 12: For every norm v on V, we have

Clo Ce(v) = Ce(v) = v=([0,1]) (53.14)

and
Bdy Ce(v) = v<({1}). (53.15)

Hence, for every norming cell B of V, we have B = Clo .
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Proof: Let v € Ce(r) and N € Nhd, (V) be given. By Prop.3, there is
a o €]0,1] such that v + 0Ce(v) C N. Since —3v € Ce(v), it follows that
(1-g)v=v+o(—%v) €N. Since 1 — % € [0, 1] we also have (1 — §)v €
Ce(v) and hence (1 —§)v € N'NCe(v), showing that N'N Ce(r) # (). Since
N € Nhdy (V) was arbitrary, it follows that v € Clo Ce(v).

Assume, now, that v ¢ Ce(v) and hence that v(v) > 1. Putr := v(v)—1
If u € v 4+ rCe(v) then v(u — v) < r and hence v(u) > v(v) — v(v — )
> v(v) —r =1, ie u ¢ Ce(v). Therefore (v + r Ce(v)) N Ce(v) = (. Since
v + 7 Ce(v) € Nhdy(V), this shows that v ¢ Clo Ce(v).

We have proved that v € Ce(v) if and only if v € CloCe(v), which
means that (53.14) holds. (53.15) follows from (53.14) and (53.12). i

The following result shows that the boundary of a half-space in the sense
of Sect.38 coincides with its boundary in the sense of (53.12) and that an
open-half-space in the sense of Sect.38 is an open set as defined above.

Proposition 13: Let a be a non-constant flat function on €. Then
the half-space a=(P) is closed, its interior is a<(P*), and its boundary is
a=({0}).

Proof: Let x € a=(P*) be given. Consider the “strip”

§i= L (Va)<(]-1L,1[) = {veV | [(Va)v | < a@)}.
a(x)

Using the fact that Va # 0, one easily shows that if B is a norming cell, so
is BNS. On the other hand, we have z+BNS C a<(P*), which proves that
a~(P*) € Nhd,(&). Since z € a<(P*) was arbitrary, it follows that a=(P*)
is open. Applying this result to —a instead of a and using Prop.5, we find
that (—a)<(P*) = a~(=P*) = £ \ a~(P) is open and hence that a<(P) is
closed.

Now let z € a<({0}) be given. Since Va # 0, we may choose a v € V such
that (Va)v > 0. Then the intersection of the half-space a<(IP) and the line
z+Rv is 2+Pv, which includes no open segment centered at z. Hence a=(P)
cannot include a cell centered at 2, which implies that 2 ¢ Int a<(IP). Since
x € a~({0}) was arbitrary, we conclude that a<({0}) NInt a=<(P) = ). Since
a<(P*) is open and a<(P) = a<(P*)Ua<({0}), we see that Inta<(P) =
a<(P*) and Bdy a<(P) = a~({0}).

Let F be a flat in £ and let x be a point in F. At the end of Sect.51
we saw that a subset of F is a cell in F centered at x if and only if it is the
intersection of F and a cell in & centered at z. It follows from Def.1 that
the set of all neighborhoods of x in F is given by

Nhd,(F) = {N' N F | N' € Nhd,£}. (53.16)
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Now let S be a subset of F. Using (53.16) and the definition (53.3) of
closure, we see that Clo £(S) = F N Clo(S). On the other hand, it follows
from Props.11 and 13 that hyperplanes in £ are closed. Hence, by Prop.6
above and Prop.5 of Sect.36 every flat F is closed in £. We conclude that
Clo £(S) = Clo (S), as mentioned earlier.

Let &1, &2 be flat spaces with translation spaces Vi, Vo with norms vy, 19,
respectively. Using Prop.3 and (51.23), we obtain the following result.

Proposition 14: A subset of &1 x &2 is a neighborhood (in & x &) of a
point (x1,x2) € &1 x &2 if and only if it includes the set-product of a vi-cell
centered at x1 and a vy-cell centered at xs.

The following result is an easy consequence of Prop.14 and the definitions
given earlier.

Proposition 15: Let S1 and Sy be subsets of £1 and &y, respectively.
Then

Clo (81 X 82) = 01081 X CIOSQ, (5317)
Int (81 X 32) =IntS; x Int S, (53.18)
Bdy (51 X 82) = (de S1 x Clo 82) U (ClOSl x Bdy SQ) (53.19)

If 8§ and Sy are open [closed, bounded] then Sy x Sg is an open [closed,
bounded] subset of £ x &a.

Notes 53

(1) The term “neighborhood” is sometimes used (especially in the older literature) for
what we call “open neighborhood”.

(2) Other notations for the closure CloS of a set S are S,S™, S, and clS.

(3) Other notations for the interior Int S of a set S are §, S8°, and int S.
(4) The boundary Bdy S of a set is very often denoted by 9S.

(5) A few people use the term “frontier” and the notation frS for what we call the
boundary Bdy S of a set S.

54 Topology of Convex Sets

The following two results show that the conclusion of the Half-Space-
Inclusion Theorem can be strengthened for open and for closed convex sets.

Proposition 1: Let C be a non-empty open convex subset of a flat space
E and let z € £\ C. Then there is an open-half-space that includes C and
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has z on its boundary. In other words, there is an a € (FIf,(£))* such that
as(C) C P*.

Proof: By the Half-Space Inclusion Theorem we can find a € (FIf,(£))*
such that alc > 0, i.e. C C a<(P). Since C is open and Int a<(P) = a<(P*)
by Prop.13 of Sect.53, it follows from Prop.10 of Sect.53 that C C a=(P*),
ie.ax(C) CP*. N

Proposition 2: Let C be a non-empty convex subset of a flat space &
and let z € £\ Clo (C). Then there is a half-space that includes C and does
not contain z. Equivalently, there is an a € FIf(E) such that alc > 0 and
a(z) = —1.

Proof: By (53.10) we have z € Int (£ \ C), i.e. £\ C € Nhd,(€). Hence
we may choose a norming cell B such that z+ B C £\ C, which is equivalent
to z ¢ C—B. The set C — B = C+ B is convex by Prop.4 of Sect.37 and non-
empty because both C and B are non-empty. By the Half-Space Inclusion
Theorem there is a b € (F1f,(£))* such that C — B C b=<(P). Since z belongs
to the closure b<(P) of b<(P*) (see Prop.13 of Sect.53), the neighborhood
2 + B of z must intersect b<(P*). Hence we may, and do, choose a u € B
such that z 4+ u € b<(P*), i.e. 0 < b(z +u) = b(2) + (Vb)u = (Vb)u. Since
C —u C b=(P), it follows that 0 < b(z —u) = b(z) — (Vb)u for all x € C and
hence (b— (Vb)u)|c > 0. On the other hand, (b— (Vb)u)(z) = —(Vb)u < 0.
Hence a := ((Vb)u)~!(b — (Vb)u) has the desired properties. i

Prop.2 is the key to the proof the following basic result.

Half-Space Intersection Theorem: Let S be a non-empty subset of
a flat space £. Then the closure of the convex hull of S is the intersection
of all half-spaces that include S, 1i.e.

Clo CxhS = [ [{a~(P) | a € FIf(£), S C a“(P)}. (54.1)

Proof: Put A:={a € Flf(€) | S C a~(P)} and C :=(a<(P) | a € A),
so that & C a<(P) for all a € A and hence S C C. Since a<(P) is convex
and closed (see Prop.13 of Sect.53), it follows that C is convex and closed
(see Prop.1 of Sect.37 and Prop.6 of Sect.53). Therefore, we must have
Clo CxhS C C.

Now let z € £\ CloCxhS be given. By Prop.2, we may choose a €
FIf(€) such that a € A but a(z) = —1, so that z € a<(P). It follows that
z ¢ C,ie. ze€&\C. Since z € £\ CloCxhS was arbitrary, it follows that
&€\ CloCxhS C £\ C, and hence C C CloCxhS. |}

Applying the Theorem to closed convex sets we obtain:

Corollary 1: Fvery closed convex set is the intersection of all half-spaces
that include 1it.
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Since half-spaces are convex and intersections of collections of convex
sets are convex, we have the following consequence of the Theorem.

Corollary 2: The closure of every conver set is again convex.

Corollary 3: If the subset S of £ is bounded, so is Clo CxhS.

Proof: The assertion is trivial when S is empty. We may assume,
therefore that S is not empty and bounded. Let b € FIf(€) be given. Since
S is bounded, we have £ := sup b~ (S) < oo and hence S C (§ —b)<(P). By
(54.1), it follows that Clo CxhS C (£ —b)<(P), and hence that b~ (Clo CxhS)
has £ as an upper bound. Replacing b by —b in the argument above we see
that b~ (Clo CxhS) has also a lower bound and hence is a bounded subset of
R. Since b € FIf(€) was arbitrary, Clo CxhS is bounded. |

Remark: Another proof of Corollary 3 is based on the Cell-Inclusion
Theorem of Sect.52: If S is bounded, then we can choose ¢ € £ and a
norming cell B such that & C ¢+ B. Since ¢ + B is convex we have CxhS C
q + B and hence Clo CxhS C ¢+ Clo B. Using Prop.12 of Sect.53, it follows
that CloCxhS C ¢+ B C ¢+ 2B. Since g + 2B is again a cell, the Cell-
Inclusion Theorem tells us that Clo CxhS is bounded. B

Proposition 3: Let C be a convex set and let x € IntC, y € CloC be
given such that x #vy. Then |z,y[C IntC.

Proof: Let z € |z, y[ be given. By (51.1), this means that z = Az + uy
for some A,y € P* with A+ p = 1. Since z € IntC, we have C € Nhd,(€).
If we put B := C — z, it follows that B € Nhdg(V) and hence, by Prop.1
of Sect.51, —AB, A\?B € Nhdy(V). Since y € CloC and y — AB € Nhd,(€),
we have (y — AB) N C # ), and we may therefore choose w € B such that
y—Aw €C.

Now let u € B be given. Since N2 + A\u+pu = XA +p) +p =1 we
can form the convex combination of (z + u,z + w,y — Aw) at (A%, A\, i) :
N(z +u) + Mu(z +w) + ply — Aw) = z + A%u. Since C is convex and
since * + u,z + w,y — Aw € C, it follows from Prop.5 of Sect.37 that
z 4+ Au € C. Since u € B was arbitrary, we conclude that z + A\?B C C.
Since z + A2B € Nhd,(€), it follows that z € IntC. Since z €]z, y[ was
arbitrary, we get the desired conclusion. i

Since IntC C CloC for every set C, Prop.3 has the following immediate
consequence.

Proposition 4: The interior of every convex set is convex.

The following result states that for convex sets with non-empty interiors
the inclusions (53.7) and (53.8) can be reversed.

Proposition 5: If C is convex and Int C # () then

CloIntC = CloC, IntCloC = IntC. (54.2)
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Proof: Since IntC # (), we may and do choose a point g € IntC. Let
x € CloC be given. If  # ¢ we have, by Prop.3, |¢,z[ C IntC. Since every
cell centered at = has a non-empty intersection with ]g, z[ and hence IntC,
we conclude that x € CloIntC. Since ¢ € IntC C CloIntC, we see that
x € CloInt C holds for all x € CloC and hence that CloC C CloInt C, which
proves (54.2);.

Now let y € Int CloC be given, so that CloC includes a cell centered at
y. If ¢ # y, this cell, and hence CloC, must have a non-empty intersection
with y +P*(y — ¢). We choose z in this intersection, so that z € CloC and
y € |q,z]. By Prop.3, we have ]g,2[ C IntC and hence y € IntC. Since
q € IntC, we see that y € IntC holds for all y € Int CloC and hence that
Int CloC C Int C, which proves (54.2)2. |

The following result states that the implication (53.6) can be reversed
for convex sets.

Proposition 6: If C is conver and not empty, then

IntC #0 <= FspC=E. (54.3)

Proof: Assume that FspC = €£.
We choose z € C. We have Lsp(C — z) = V and hence we may choose a
set basis b € Sub (C — 2z). Put n:=dim & = dim V), and

1
q:=z+ o Zu. (54.4)
uch

We claim that the cell ¢ + %BOX[} centered at ¢ is included in C, which
implies that ¢ € Int C and hence that IntC # 0.

To prove the claim, let x € ¢ + %BOXE be given, so that z = ¢q +
LS (A\qu | u € b) for some A\ €]—1,1[°. By (54.4), this means that

2n

14+ Ay

Since 0 <

It follows that x is the value of the convex combination mapping for {z} U

14+ A
(z 4+ b) at the coefficient-family which assigns (1 — o) to z and T Au to
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z 4+ u when u € b. Since C is convex and hence Cxh({z} U (2 + b)) C C, it
follows from Prop.5 of Sect.37 that x € C. Hence the claim is proved. |}

Prop.6 shows that (54.2)2 holds even when IntC = (), because in that
case C and hence CloC must be included in a proper flat in £. This flat and
hence CloC has an empty interior.

55 Sequences

Let £ be a flat space with translation space V. Recall that the elements of
EN" and &N are called sequences in € (see Sect.02). We will state most of
our definitions and results for sequences indexed on N*, but they are easily
modified so as to apply to sequences indexed on N. The following definitions
are generalizations of ones that are familiar from real analysis (see Sect.08).

Definition 1: We say that a sequence s in € converges to a point
x € & if for every neighborhood N € Nhd,.(£) of = there is an n € N* such
that s~ (n+N) C V.

Proposition 1: A sequence in & can converge to at most one point in
E.

Proof: Suppose that the sequence s converges to both x; and xo and
that z1 # x2. choose a norm v on V. We then have o := v(z1 — z2) > 0.
Applying Def.1 to N7 := x1 + §Ce(r) € Nhd,, (£) and N := x2+ §Ce(v) €
Nhd,,(£) we can determine ni,ny € N such that s~ (n; +N) C M and
s> (n2 + N) C Na. Hence we have syax fn, n,} € N1 N N2, which contradicts
the fact, easily verified, that A7 and N5 are disjoint. [

If the sequence s converges to x then x is called the limit of s and we
write

z =lims = lim s,
n—oo

to express the assertion that the sequence s := (s, | n € N*) converges to
x.

Definition 2: We say that a point z € £ is a cluster point of a given
sequence s in € or that s clusters at x if for every N' € Nhd,(€) and every
n € N* we have s=(n+N)NN # 0.

If the sequence s converges to x, it is easily seen that x is the only cluster
point of s.

Let v be any norm on V. In view of Prop.3 of Sect.53, one can replace
the phrase “for every A/ € Nhd,(€)” in both Def.1 and Def.2 by “for every
v-cell N centered at x.” We conclude that

rz=Ilim s <= lim v(s, —x)=0. (55.1)

n—oo
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In particular, if b := (b; | ¢ € I) is a basis of V with dual b* and if we apply
(55.1) to the box-norm v := nogyp) (see (51.16)), we obtain
r=Ilim s <= T}Enmbf(sn —z)=0 forall i€l (55.2)

We denote by Conv(E) the set of all convergent sequences in € and we de-
fine the mapping lim ¢ : Conv(£) — £ by limg(s) = lim s. These notations
apply, of course, if € is replaced by V. Recall that the set EN * of all sequences
in £ has the natural structure of a flat space whose translation space is identi-
fied with the space VN of all sequences in V (see Example 6 in Sect.33). The
spaces EV° and VN are infinite-dimensional except when £ is a singleton.
The action of VN on Y is given by (s, | n € N¥) = (s, + w,, | n € N¥)
when s € EN" and w € VW' The following two results are not hard to
prove.

Proposition 2: Conv(§) is a flat in EN" and Conv(V) is its direction
space. The mapping lim ¢ : Conv(E) — & is flat and its gradient is limy :
Conv(V) — V.

Proposition 3: If ¢ € Conv(R) and w € Conv(V) then
Ew = (§nwy, | n € NX) belongs to Conv(V) and

lim (éw) = (lim &) (lim w). (55.3)

Recall that a subsequence of a given sequence s is a sequence of the form
500 1= (S4(n) | M € N*), where o : N* — N* is strictly isotone (see Sect.08).

The proofs of the following two results are essentially the same as the
proofs of the corresponding results in real analysis and will therefore be
omitted.

Proposition 4: Fvery subsequence of a given convergent sequence in
E converges to the same point in € as the given sequence. In other words,
x =lim s implies x = lim(s o o) for all strictly isotone o : N* — N*.

Proposition 5: A point x is a cluster point of a given sequence if and
only if a subsequence of the given sequence converges to x.

We say that a sequence s in £ is bounded if its range is a bounded
subset of £. The following theorem is a generalization of a basic theorem of
real analysis (see Sect.08).

Cluster Point Theorem: Fvery bounded sequence in a flat space has
at least one cluster point.

Proof: We proceed by induction over the dimension of the space. If
this dimension is zero, then the assertion is trivial. Assume then, that £ is
a given flat space with dim€ > 0 and that the assertion is valid for every
hyperplane in £. Choose a non-constant flat function a € FIf(£). Since
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Va # 0, we may and do choose a v € V such that (Va)v = 1. We consider
the hyperplane F := a<({0}).
Now let s be a bounded sequence in £. For each n € N*, we put

by == S — a(sp)V

so that a(t,) = a(sn) — a(sp)(Va)v = 0, ie. t, € F. Therefore,
t:= (tn | n € N¥) is a sequence in F, and it is easily seen that it is bounded
in F. By the induction hypothesis, ¢ has a cluster point in F and hence,
by Prop.5, there is a strictly isotone o : N* — N* such that ¢ o o con-
verges. Now, the sequence a o s o0 := (a(ss(n)) | n € N¥) is a real-valued
bounded sequence. Therefore, by the Cluster Point Theorem of real analysis
(see Sect.08) it has a convergent subsequence, i.e. there is a strictly isotone
7 : N* — N* such that the real-valued sequence a o s o o o 7 converges. By
Prop.3, the sequence (a o500 07)v = (a(Sgor)(n))V | n € N*) converges
in V. By Prop.4, the subsequence t o (0 o 7) of the convergent sequence
t o o converges in F and hence in £. Therefore, by Prop.2, the sequence
so(coT)=to(ocoT)+ (aoso(ooT))v converges in £. But this is a
subsequence of s. In view of Prop.5, s has a cluster point. i

The following result, a generalization of a basic fact of real analysis, en-
ables one often to test a sequence for convergence without having a candidate
for the purported limit.

Basic Convergence Criterion: For every sequence s in £ the following
are equivalent:

(i) s converges.

(ii) For some norm v on V and every ¢ € P* there is an m € N* such
that
V(Spir — Sp) <e for all nem+N, reN. (55.4)

(iii) For every M € Nhdg(V) there is an m € N* such that

ss(m+N) —ss(m+N) C M. (55.5)

Proof: (i) = (ii): Assume that the sequence s converges and put
x := lim s. Choose a norm v on V. Let ¢ € P* be given. Using the
equivalence (55.1) we can determine m € N* such that v(s; —x) < § for all
kem+N. Givenn € m+ N and r € N, we have n+r € m + N and hence

V(Sntr — Sn) < V(Sptr — ) +v(x — 8) <
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which proves (55.4).

(ii) = (iii): Assume that (ii) holds and that M € Nhdg(V) is given. By
Prop.3 of Sect.53 we can determine € € P* such that € Ce(v) C M. By (ii)
we can determine m € N such that (55.4) holds. Now, given p, ¢ € s~ (m+N)
we have either p = sy, ¢ = Sp4r OF ¢ = Spn, p = Spr for suitable n € m + N,
r € N and hence p—q = +(sp4-—5p). It follows from (55.4) that v(p—q) < ¢
and hence p — ¢ € ¢ Ce(v) C M. Since p, q € s=(m + N) were arbitrary, we
conclude that (55.5) holds.

(iii) = (i): Assume that (iii) holds. We choose a norming cell B, and
determine m € N such that (55.5) holds with M replaced by B,. We then
have s-.(m + N) — s, C B, and hence

Rngs = s=((m— 1)) Uss(m+N) C ss((m—1)D)U (sm + Bo).

Since s, + B, is bounded by Prop.3 of Sect.52 and since s ((m — 1)!) is
finite and hence bounded, it follows that Rngs is bounded. Therefore,
by the Cluster Point Theorem we may and do choose a cluster point z
of s. Now let NV € Nhd,(£) be given. We choose a norming cell B
included in N' — z and determine n € N* such that (55.5) holds with
M replaced by %B, so that ss(n+N)—s-(n+N) C %B. By Def.2, we
can choose z € s> (n+N) N (z+1B). We then have s»(n + N) —z C
$>(n+N)—s-(n+N) C 1B and hence

1 1 1
s>(n+N) C z+§B C (a:+§B)+§B::E+BCN.

Since N € Nhd, (&) was arbitrary it follows that s converges to z.

Proposition 6: Let S be a subset of € and let x € £. Then x € CloS
if and only if x is the limit [a cluster point] of some sequence in S.

Proof: Assume that x € CloS. We choose a norming cell B. Since, for
each n € N*, z + 1B € Nhd,(£), it follows from (53.3) that (z+1B)NS #
for all n € N*. Hence we may choose a sequence s := (s, | n € N*) in §
such that s, € z + %B. It is clear that x is the limit (and hence a cluster
point) of s.

Assume now that s := (s, | n € N¥) is a sequence in S and that z is a
cluster point (or even a limit) of s. Let N/ € Nhd, (&) be given. In view of
Def.2, there is an n € N* such that s, € N. Since s, € S it follows that
SNN # (. Since N € Nhd,(€) was arbitrary, it follows from (53.3) that
z€CloS. 1

We now assume that flat spaces £, £’, with translation spaces V,)’, and
subsets D C £, D' C &' are given. We consider sequences of mappings from
D to D', i.e. elements of (Map (D, D'))N".
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Definition 3: We say that a sequence o = (oy, | n € N*) in Map (D, D’)
converges to ¢ € Map (D, D’) if
¢(x) = lim o,(z) for all zeD.
n—oo

We say that o converges uniformly to ¢ if for every M’ € Nhdg(V') there
is an n € N* such that

om(z) € p(x) + M’ for all men+N, xeD. (55.6)

We say that o converges locally uniformly to ¢ if for every x € D there
is N' € Nhd, (&) such that the sequence (op|n | n € N*) in Map (N ND,D’)
converges uniformly to | € Map (N ND, D).

It is evident that uniform convergence implies locally uniform conver-
gence, and that the latter implies convergence.

We write

¢ =lim o = lim o,
n—oo

to express the assertion that the sequence o converges to .

Proposition 7: Let v/ be a norm on V'. Then the sequence o in
Map (D, D’) converges uniformly to ¢ € Map (D, D’) if and only if for every
e € P* there is m € N* such that

Vo(op—p)<e forall nem+N (55.7)

where o, — ¢ € Map (D, V') is the value-wise difference of o, and .

Proof: If M’ :=eCe(v'), the defining condition (55.6) reduces to (55.7).
Hence the assertion is a consequence of Prop.3 of Sect.53. |}

The following criterion for uniform convergence is an analogue of the
Basic Convergence Criterion.

Proposition 8: Assume that D' is a closed subset of £'. Let V' be
a norm on V'. A sequence o in Map (D,D’) converges uniformly to some
mapping in Map (D, D’) if and only if, for every e € P>, there is m € N*
such that

Vo(opir —op) <e forall nem+N, reN. (55.8)

Proof: Assume that o converges uniformly to ¢. Let ¢ € P* be given.
By Prop.7, we can determine m € N* such that v/ o (o, — ¢) < § for all
kem+N. Givenn € m+ N and r € N, we have n +r € m + N and hence

V/O(Um-r_an) < V/o(Un—l-r_‘P)"‘V,o(%O_Un) <
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which proves (55.8).

Assume now that o satisfies the condition. Then, for each x € D, the se-
quence (o (z) | n € N*) satisfies the condition (ii) of the Basic Convergence
Criterion and hence converges. By Prop.6, its limit belongs to D’ because
D' is closed. Hence we can define ¢ : D — D’ by

o(z) = lim o,(x) for all z € D. (55.9)

n—o0

Let ¢ € P* be given. Determine m € N* such that (55.8) holds with e
replaced by 5. Given n € m + N* and x € D, we then have

V' (opir(z) — on(2)) < for all r e N.

€
2

By (55.9) we can determine r € N such that v/(p(z) — opir(x)) <
conclude that

N

Vi(p(x) = on(x)) < V(p(x) = onir(2)) + V (Onir(2) — on(2)) <e.

Since n € m+N* and x € D were arbitrary, it follows that (55.7) holds and
hence, by Prop.7, that ¢ converges uniformly. i

Given a sequence w in Map (D,)V’) and indexed on N we define the
sum-sequence ssqw of w by

(ssSq W)y, := Z wy for all neN (55.10)
kenl

(compare with (08.22)); it is again a sequence in Map (D, V) and indexed
on N. The following result is an easy consequence of Prop.8.

Proposition 9: Let w be a sequence in Map (D,V'). Let v’ be a norm on
V' and let a be a sequence in P such that v ow,, < a, for alln € N and such
that the sum-sequence ssq a € PN of a converges. Then the sum-sequence
ssqw of w converges uniformly to a mapping in Map (D,)V").

Proof: Let ¢ € P* be given. By condition (ii) of the Basic Convergence
Criterion, applied to the sum-sequence of a, we can determine m € N such
that

Z ar = (88q @)pt+r — (s5q @)y, < €
ke(n+r)\nl
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for all n € m + N and all r € N. By (51.13) we have

Vo ((5aW)atr — (s5a W) = Vol S wy)
ke(n+r)l\nl
< ) (Vowy)
ke(n+r)\nl
< Z ap < €
ke(n4r)\nl

for all n € m + N and all » € N. Hence (55.8) holds with ¢ := ssqw and
Prop.8 gives the desired conclusion. i

Notes 55

(1) The Notes (4), (5), and (6) to Sect.08 also apply to this section.

(2) The Basic Convergence Criterion is often called the “Cauchy Convergence Crite-
rion”. A sequence that satisfies this criterion is often called a “Cauchy sequence”
or a “fundamental sequence”.

(3) The test for uniform convergence of a sum-sequence implied by Prop.9 is often
called the “Weierstrass Comparison Test” or “Weierstrass M-Test”.

56 Continuity, Uniform Continuity
Let £ be a flat space, D a subset of £, and = € £. We use the notation
Nhd, (D) :={NND |N € Nhd,(€)}. (56.1)

In the special case when D happens to be a flat, we see from (53.16) that
the notation (56.1) is consistent with the notation for the collection of all
neighborhoods of z in the flat space D. We call the members of Nhd, (D)
neighborhoods relative to D of z.

We say that a subset H of D is open relative to D if H is a neighbor-
hood relative to D of each point of . If this is the case, we have H = DNHS,
where

HY = U{S €Sub& | S is open, DNS C H} (56.2)

is an open subset of £. Conversely, if H = D NG for some open subset G of
&, then H is clearly open relative to D.
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If D is an open subset of £, then
Nhd, (D) = Nhd,(€) N SubD.

Moreover, the subsets of D that are open relative to D are simply the open
subsets of D.

We now assume that flat spaces £, &’ with translation spaces V,V’ and
subsets D C £, D' C &' are given.

Definition 1: We say that a given mapping ¢ : D — D’ is continuous
at a given x € D if the pre-image under ¢ of every neighborhood of v (x)
relative to D' is a neighborhood of x relative to D, i.e. if

(<p<)>(th<p(x) (D)) € Nhd,(D). (56.3)

We say that ¢ : D — D’ is continuous if it is continuous at every point
xz €D.
Using Prop.3 of Sect.53 we immediately obtain the following criterion.
Proposition 1: Let norms v and v/ on'V and V' be given. The mapping
¢ : D — D' is continuous at x € D if and only if for every ¢ € P* there is
a d € P* such that

(vly—2) <6 = V(p(y) —p(x)) <e) foral yeD. (56.4)

Proposition 2: The mapping ¢ : D — D' is continuous at x € D if
and only if for every sequence s := (s, | n € N*) in D that converges to x,
the sequence p o s = (¢(sy) | n € N*) converges to ¢(x), i.e.

lim (¢ 0 s) = p(lim s). (56.5)

Proof: Assume that ¢ is continuous at z. Let a sequence s in D that
converges to x and N’ € Nhd,(,) (") be given. Then N’ ND’ € Nhd(,(D’)
and hence, since ¢ is continuous at z, ¢<~(N’ N D') € Nhd,(D). Hence
we may choose N/ € Nhd,(€) such that o~ (N ND) c N'ND c N
Since s converges to x and since Rngs C D there is n € N* such that
s>(n+N) Cc NND. It follows that

(pos)s(n+N)=es(s>(n+N)) c N

Since N € Nhd, (') was arbitrary, it follows that ¢ o s converges to

p(x).
Assume now that ¢ fails to be continuous at z. We choose a norming
cell B in V and a neighborhood N’ of ¢(z) in £ such that p<~(N' ND’) is
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not a neighborhood of z relative to D. Since, for every n € N* we have
DN (z+ 1B) € Nhd, (D), it follows that ¢~ (DN (z+ 1B)) ¢ N for every
n € N*. Hence we may choose a sequence s := (s, | n € N*) in D such
that s, € x + 2B but (pos), = ¢p(s,) ¢ N’ for all n € N*. It is clear that
x = lim s but that ¢ o s cannot converge to ¢(z). |}

Proposition 3: Assume that D and D' are subsets of € and E', respec-
tively. Then ¢ : D — D' is continuous if and only if the pre-image under ¢
of every subset of D' that is open relative to D' is a subset of D that is open
relative to D.

Proof: Assume that ¢ is continuous. If H' is a subset of D’ that is open
relative to D’ then H' € Nhd,,)(D’) for every x € ¢<(H') and hence, by
(56.3) ©<(H') € Nhd, (D) for every z € p<(H'). It follows that p<(H') is
open relative to D.

Assume now that the condition is satisfied. Let x € D and N’ €
Nhd, ) (D) be given. Using (56.1) we see that NV = M’ N D’ for some
M’ € Nhdy;)(E'). We then have ¢(z) € Int (M), and, since Int (M) is
an open subset of &', it follows that Int (M’) N D’ is open relative to D'.
Therefore ¢<(Int (M’)ND’) is open relative to D and hence a neighborhood
relative to D of z. Since p<(Int (M') N D) C p<~(M'ND) = p<(N’), it fol-
lows that o< (N’) € Nhd, (D). Therefore, since x € D and N € Nhd(, (D)
were arbitrary, ¢ is continuous. |l

Definition 2: We say that a given mapping ¢ : D — D’ is uniformly
continuous if for every M’ € Nhdo (V') there is a M € Nhdo(V) such that
for all x,y € D,

y—reM = o(y) —o(x) e M. (56.6)

Using Prop.3 of Sect.53 we obtain the following analogue of Prop.1:

Proposition 4: Let norms v and v’ on'V and V' be given. The mapping
¢ : D — D' is uniformly continuous if and only if for every e € P* there is
a d € P* such that

(vly—=z) <6 = V(ply) —¢(x)) <e) forall z,yeD. (56.7)

Note that the criterion for uniform continuity of Prop.4 differs from the
criterion for continuity obtained from Prop.l only by the placement of the
quantifier “for all ”, and hence that uniform continuity implies continuity.

Proposition 5: Fvery flat mapping is uniformly continuous.

Proof: Let o : £ — &' be a flat mapping, so that

a(y) —a(r) =Va(y —x) for all z,yef.
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We choose norms v and v/ on V and V'. By (52.7) we have
V(a(y) - a(@)) =v(Valy — ) <|[|Vallyv(y — o)

for all z,y € £. It follows that (56.7) holds when ¢ € P* is chosen such that
IVall,0 <e. |

Composition Theorem for Continuity: Let D, D', and D" be subsets
of flat spaces. If ¢ : D — D' is continuous at x € D and if ¢ : D' — D" is
continuous at p(x) € D', then o p: D — D" is continuous at x.

The composite of two continuous mappings is again continuous.

Proof: Since ¢ is continuous at x, (56.3) is valid. Since % is continuous
at ¢(x), we also have

(1=)> (Nhdy(e(2)) (D")) C Nhdy(,) (D)

and hence
(#)>((¥=)>(Nhd (o) () (D)) C (¢=)>(Nhdy(y) (D))

Since (0 9)%)> = (= 0 ¥™)s = (¢7)> o (=) (see (03.15)), we obtain,
using (56.3), the inclusion

(¥ 0©)=)>(Nhd(yop)(z)(P") C Nhd, (D),

which means that ¢ o ¢ is continuous at x. |}

Composition Theorem for Uniform Continuity: The composite of
two uniformly continuous mappings is again uniformly continuous.

Proof: Let £,&', " be flat spaces with translation spaces V, V', V" and
D, D', D" be subsets of £,&’,E", respectively. Assume that ¢ : D — D" and
¥ : D' — D" are uniformly continuous. Let M"” € Nhdg()") be given. The
uniform continuity of ¢ implies that we can choose M’ € Nhdg(V') such
that

y—2'eM = ) —vE)eM” (56.8)

forall 2,y € D'. Since ¢ is uniformly continuous, we can find M € Nhdg(V)
such that

y—reM = o) —py) e M (56.9)

for all z,y € D. Using (56.8) with the choice ¢/ := p(y), ¥’ := p(z) and
combining the result with (56.9), we obtain

y—rzeM = (Yoyp)(y) — (Yoyp)(z) e M".
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Since M” € Nhdg (V") was arbitrary, we obtain the asserted uniform conti-
nuity of ¥ o . |}

Proposition 6: Let £ be a flat space with translation space V, let S
be a non-empty subset of £ and let v be a norm on V. Then the function
d: & — P defined by

d(z) :=inf{v(x —2) | z € S} (56.10)

is uniformly continuous. Moreover, CloS = d<~({0}), and, for each § € P*,

we have
S+ 6Ce(v) C d<([0,6]). (56.11)

Proof: Let z,y € £ be given. By (56.10) and (N2) of Def.3 of Sect.51,
we have

diz) <v(r—z2)<v(r—-y)+v(y—=2), foral zecS.
Hence, using (56.10) again, we obtain
d(z) < v(z —y) +d(y).

This inequality and the one obtained from it by interchanging the roles of
x and y give

ld(z) — d(y)| < v(z—vy).

Since x,y € £ were arbitrary, the asserted uniform continuity of d follows
from Prop.4.

Let x € £ and 6 € P* be given. Then the following are evidently
equivalent:

(i) (z+6Ce(v))NS #0,

(ii) ¢ € x + 6Ce(v) for some q € S,

)

)
(ii) z € S+ dCe(v),
(iv) v(qg—z) < & and some g € S.

In view of (53.3) and Prop.3 of Sect.53, the equivalence (i) < (iv) shows
that x € CloS if and only if for every § € P* there is a ¢ € S such that
v(qg—x) < 4. In view of (56.10), this condition is equivalent to d(z) = 0 and
hence we have CloS = d<({0}).

If (iv) holds then d(z) < §. Hence (iii) implies d(z) < §, which shows
that the inclusion (56.11) holds. |
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In the case when € :=V and S := {0}, the definition (56.10) gives d = v
and Prop.6 yields

Proposition 7: Every norm on a linear space is uniformly continuous.

The value d(z) given by (56.10) is called the distance of the point z
from the set S, relative to the norm v. If £ is a genuine Euclidean space, if
v is the magnitude | - |, and if S := {y}, then d(x) = dst(x,y), where dst is
the distance function of Sect.46.

We now assume that flat spaces £, &', with translation spaces V,V’, and
subsets D C £ and D’ C &' are given.

Theorem on Continuity of Uniform Limits: Let o be a sequence
of continuous mappings in Map (D, D’) that converges locally uniformly to
¢ € Map (D, D). Then ¢ is continuous.

Proof: Let x € D and N’ € Nhd,(£’) be given. We choose a norming
cell B/ in V' such that p(x) + 38" C N'. In view of Def.3 of Sect.55, we can
determine A € Nhd,(€) and n € N* such that

on(y) —p(y) € B for all ye NND. (56.12)

Since o, is continuous at z, in view of Def.1 we have M := o5 (o, (x)+B') €
Nhd, (D), so that

on(y) —op(z) € B for all ye M. (56.13)

Using (56.12) twice and (56.13) we obtain

e(y) —e(x) = (p(y) —on(y)) + (on(y) — on(x)) + (on(z) — ¢(2))
€ (-B)Y+B +B =38

forally e NNDNM, ie. p(y) € p(z)+3B8 Cc N for ally e NNDN M.
Since N N D N M € Nhd, (D), this proves the continuity of ¢ at z. |

57 Limits

Definition 1: Let D be a subset of a flat space £. We say that x € £ is an
accumulation point of D if x € Clo(D \ {x}). We denote the set of all
accumulation points of D by AccD.

We have CloD = D U AccD, i.e. every point in CloD either belongs to
D or is an accumulation point of D (or both). The points of D that are not
also accumulation points of D are called isolated points of D.
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Proposition 1: Let D,D’ be subsets of flat spaces £,E'. Given
0:D—D and x € AccD, there is at most one ' € &' such that the
mapping @ : DU {z} — D' U {2’} defined by

R A (57.1)

if Z=x

18 continuous at x.

Proof: Suppose that ] € £ and zf € &', with z] # 2, both satisfy
the condition and that @, : DU{z} — D' U{z}}, $y: DU{a} - D' U{x}}
are defined according to (57.1). Choose a norm v/ on V'. We then have o :=
V' (2} —}) > 0 and hence N]NN, = @ when N} = 2 + $Ce(v/) € Nhd,, (£')
and N := 2 + $Ce(V') € Nhd,; (£). Since $1 and %3 are both continuous
at z, in view of Def.1 of Sect.56 and (56.1) we can determine N, Ny €
Nhd,(€) such that

P M) =M N (DU{z}), 72 (Ny) =NeN (DU {x}).
Since, by (57.1), both @1 and 3 agree with ¢ on D\ {z}, we conclude that
PN NN2 N (D {z})) C N NN =0

and hence (M; NAN2) N (D\ {z}) = 0. Since N1 N N> € Nhd,(€), it follows
that o ¢ Clo (D \ {z}), which, by Def.1, shows that x ¢ AccD, contrary to
the assumption. |}

Definition 2: Let D, D’ be subsets of flat spaces £,E" and let x € AccD.
We say that ¢ : D — D' has the (by Prop.1 unique) limit 2/ € &' at x if the
mapping @ defined in Prop.1 is continuous at '. We write

7' = limgp = }ZLI% ©(z) (57.2)
to express the assertion that ¢ has the limit ¥’ at x.

If we apply Prop.1 to the case when x € D we obtain

Proposition 2: A given mapping p : D — D’ is continuous at x € D
if and only if either x is an isolated point of D, or else x € AccD and
lim, p = p(z).

The following characterization of the limit is an immediate consequence
of Def.2.

Proposition 3: The mapping ¢ : D — D' has the limit ' at x € AccD
if and only if for every N’ € Nhd,/ (&), there is a N' € Nhd,(E) such that

o> (NN (D\ {z})) Cc N". (57.3)
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Using Prop.1 of Sect.56, we get still another characterization of the limit:

Proposition 4: Let norms v and v’ on the translation spaces V and V'
of & and &' be given. The mapping ¢ : D — D' has the limit 2’ at x € AccD
if and only if for every e € P* there is a 6 € P* such that

(O<v(y—z)<d = V(p(y)—a')<e) forall yeD. (57.4)

Proposition 5: If o : D — D' and x € AccD are such that ¢ has a
limit at z, then

lim,p € Clo (Rng ) (57.5)

and hence lim , o € D' or lim, ¢ € AccD’ (or both).

Proof: Put 2/ :=lim, . If NV € Nhd,/ (') is given, then (57.3) holds
for a suitable NV € Nhd,(£). Since z € AccD we have NN (D \ {z}) # 0
and hence, by (57.3), N' N Rng¢ # (). Since N’ € Nhd, (') was arbitrary,
(57.5) follows. i

The following result follows immediately from Def.2, the Composition
Theorem for Continuity of Sect.56, and Prop.5.

Proposition 6: Let D, D', D" be subsets of flat spaces E,E',E" and let
©:D—D and ) : D' — D" be given. Assume, also, that ¢ has a limit at
a given point x € AccD.

If lim,p € D' and if v is continuous at lim,p, then

lima (¥ 0 @) = ¢ (limgp). (57.6)

If lim,p ¢ D' then limyp € AccD’. If, in this case, ¥ has a limit at
limgp, then

lim, (1) 0 ) = limyy, H0. (57.7)

Using Prop.2 of Sect.56, one immediately obtains the following result
from Def.2 and Prop.1.

Proposition 7: The mapping ¢ : D — D’ has the limit 2’ at x € AccD if
and only if, for every sequence s in D\ {x} that converges to x, the sequence
p o s converges to x', i.e.

lim (p 0 5) = lim i, 44 (57.8)

58 Compactness

Recall that a collection & of subsets of a set £ is said to cover a given set
KeSub&if KC|J® (see Sect.01).
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Definition 1: We say that a subset K of a flat space £ is compact if
every collection of open subsets of £ that covers IC has a finite subcollection
that still covers K.

Proposition 1: Let D be a subset of a flat space £. A subset K of D
is compact if and only if every collection that covers K and consists of sets
open relative to D has a finite subcollection that still covers K.

Proof: Assume that K C D is compact. Let § be a collection that covers
K and consists of sets open relative to D. We then define the collection &
by & := {HT | H € $}, where the open set H' is obtained from H by (56.2).
Since H = DN'H'  HT, it is clear that & is a cover of K consisting of open
sets. Since K is compact, we can determine a finite collection g C & that
covers IC. Then h:={D NG |G € g} is a finite subcollection of § that still
covers K.

Now assume that K C D satisfies the covering condition. Let & be a
collection of open subsets of £ that covers K. Then $ :={DNG |G e &}
is a collection that covers K and consists of sets open relative to D. We
determine a finite collection h C $ that still covers K. For each H € b,
we choose G € & such that H = DN G. The subcollection g of all G € &
obtained in this way is finite and still covers K. Since the collection & was
arbitrary, it follows that K is compact. |||

The importance of the concept of compactness becomes apparent in the
following two theorems.

Compact Image Theorem: The image of every compact set under
a continuous mapping is again a compact set. More precisely, if D, D" are
subsets of flat spaces E,E" and if ¢ : D — D' is continuous, then o (K) is
compact for every compact subset IC of D.

Proof: Assume that K € SubD is compact. Let $’ be a collection that
covers ¢~ (K) and consists of sets open relative to D’. By Prop.3 of Sect.56,
the collection $) := {p<(H') | H' € H’} consists of sets open relative to D.
Also, we have

K ce=(e=(K) ce=((Uo) =9

showing that ) covers K. By Prop.1, since K is compact, we can determine a
finite subcollection b of § that still covers K. For each H € h we can choose
H' € ' such that H = ¢<(H'). The subcollection b’ of §’ obtained in this
way is finite and still covers ¢~ (K). Since the collection $ was arbitrary, it
follows from Prop.1 that ¢~ (K) is compact. ||}

Uniform Continuity Theorem: A continuous mapping with compact
domain is necessarily uniformly continuous. More precisely, if IC,D’ are
subsets of flat spaces E,E', if p : K — D’ is continuous, and if K is compact,



58. COMPACTNESS 199

then ¢ is uniformly continuous.

Proof: We denote the translation spaces of £, by V, V.

Let M’" € Nhdg(V’) be given. We choose a norming cell B’ in V' such
that B’ C M'. Then (¢(x) + 5B) ND" € Nhd,,(,,(D’) for each x € K. Since
 is continuous we can choose, for each z € I, a norming cell B, in V such
that

oo (2 + By) N K) C o(x) + %B'. (58.1)

The collection {x+ %Bw | z € K} consists of open sets and covers K. Since K
is compact, we may choose a finite subset ¢ of IC such that {p + %Bp |p et}
still covers K. By Prop. 2 of Sect. 51, B := ({38, | p € £} is a norming
cell in V.

Now let z,y € K be given. Since {p + %Bp | p € &} covers K, we may
choose p € K such that x € p+ %Bp Cp+ By If y—x € B, we have

1 1 1
y:x—i-(y—x)€p+§Bp+BCp+§Bp+§Bp:p+Bp

and therefore z,y € (p+ B,) N K. Hence, if we use (58.1) with z replaced
by p, we obtain ¢(z), ¢(y) € ¢(p) + 3B’ and therefore

Ply) — (2) € (9(0) + 58) — (p(p) + 58) = 5.

We have proved that, for all z,y € K, y — z € B implies ¢(y) — ¢(z) €
B ¢ M'. Since M" € Nhdg(V') was arbitrary and since B € Nhdg()) we
conclude, according to Def.2 of Sect.56, that ¢ is uniformly continuous. i

The condition of Def.2 is usually very hard to verify for a given set K.
The following theorem gives an easy criterion.

Compactness Theorem: A subset of a flat space is compact if and
only if it is closed and bounded.

Before proving this theorem we give some preliminary results, which are
often useful in their own right.

Proposition 2: Let IC be a closed and bounded subset of £ and let & be
a collection of open sets of £ that covers K. Given a norming cell B in the
translation space ¥V of £, one can find a number o € P* with the following
property: For every x € IKC there is a G € & such that x + cB C G.

Proof: Assume that the conclusion is false. We can then choose, for
each n € N*, a point p, € K such that

Pn + %B ¢ G forall Ge@®. (58.2)
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Since K and hence the sequence p := (p, | n € N¥) in K is bounded, we
can apply the Cluster Point Theorem and choose a cluster point of p, say z.
Since K is closed, we can apply Prop.6 of Sect.55 to conclude that z € K.
Since & is a cover of I, we may choose G, € & such that z € G,. Since G, is
open and hence G, € Nhd,(€), we may choose € € P* such that z+eB C G.
Since z is a cluster point of p, we may choose m € N* with m > % such that
pm € 2+ 5B. Since (5 + 1) < ¢, we obtain

1 1
pm+—BCz+§B+—BCz+EBCQO,
m 2 m

which contradicts (58.2). |}
Proposition 3: Let K be a subset of a flat space £ with translation space
V. Then the following are equivalent:

(i) K is bounded.

(ii) For every morming cell B there is a finite subset € of K such that
K Cet+B.

(iii) Every sequence in K has a cluster point.

Proof: (i) = (iii): This follows from the Cluster Point Theorem.
(iii) = (ii): Assume that (ii) is false. We can then choose a norming
cell B such that
K¢gt+B for every te€ Fink. (58.3)

We now define a sequence p := (p, | n € N*) in K by recursive choice as fol-
lows: Suppose p\(n_l)] has been determined for a given n € N*. (Of course,
when n = 1, since 0/ = 0, p|(n,1)] is the empty list.) Since Rng (p|(n71)])
is a finite subset of K, we have, by (58.3), K ¢ Rng (p|,,_y) + B. Hence
we may choose p, € K\ (Rng (p|(,_y) + B), which means that p, € K but

pn & pm + B for all m € (n — 1)l Tt follows that p, — p,, ¢ B whenever
n,m € N* and n > m, which would not be possible if p had a cluster point.
We conclude that (iii) is false.

(ii) = (i): If (ii) holds then £+ 5, being the union of the finite collection
{p+ B |p € t} of bounded sets, is bounded. Hence K, being a subset of
t + B is also bounded. W

Proof of Compactness Theorem: Assume that K is a compact subset
of a given flat space £ with translation space V. Let B be a norming cell in
V. The collection {x + B | x € K} consists of open sets and covers K. Hence
we can choose a finite subset £ of K such that £ C (J{p+B |p € ¢} =t+B.
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By (ii) = (i) of Prop.3 it follows that K is bounded. To prove that K is
closed, let z € £\ K be given. Then {£\ (z+ pB | p € P*} is a collection of
open sets whose union is £ \ {z} and which, therefore, covers K C &\ {z}.
Since K is compact, we may choose a non-empty finite subset F' of P* such
that

Kc | J{E\(z+pB)} =€\ (2 + (min F)B).

pEF

It follows that (z + (min F)B) N K = (). Since z + (min F)B € Nhd, (), we
conclude that z ¢ CloX. Since z € £\ K was arbitrary, it follows that
E\K C £\ CloK and hence that K is closed.

Assume that K is closed and bounded. Let a norming cell B and a
collection & of open subsets of £ that covers K be given. We determine
o € P* according to Prop.2. In view of Prop.3, (i) = (ii), we may choose a
finite subset £ of IC such that K C ¢+ oB. By Prop.2, we may choose, for
each p € £, a set G, € & such that p+oB C G,. We then have

Kct+oB=|Jp+0oB) cl]G,

pet pet

which means that {G, |p € £} is a finite subcollection of & that covers K.
Since & was arbitrary, it follows that I is compact. |

The following is an immediate consequence of the Compactness Theorem
and Prop.15 of Sect.53.

Proposition 4: If K1 and Ko are compact subsets of flat spaces €1 and
&, respectively, then K1 x Ko is a compact subset of £1 x &;.

Proposition 5: If K is a compact subset of a flat space £, and B a
compact subset of the translation space V of £, then I + B is a compact
subset of £.

Proof: We recall that the mapping ((z,v) — z+v) : ExV — £ is flat
(Example 7 in Sect.33) and hence, by Prop.5 of Sect.56, continuous. Since
K + B is the image of K x B under this mapping, and since IC X B is compact
by Prop.4, the desired result follows from the Compact Image Theorem. ||}

Since every non-empty closed and bounded subset of R has a maximum
and a minimum, we have the following direct consequence of the Compact-
ness Theorem and the Compact Image Theorem.

Theorem on Attainment of Extrema: A continuous real-valued
function whose domain is non-empty, closed, and bounded, attains a max-
imum and a minimum. More precisely, if K is a non-empty closed and
bounded subset of a flat space and if f : K — R s continuous, then there
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are points z and y in IC such that
f(z) < f(x) < f(y) for all ze K.

Proposition 6: Let D be an open subset of a flat space £ with translation
space V. For every compact subset IC of D and every norm v on V, there is
a d € P* such that

K +6Ce(v) C D. (58.4)

The set K + 6Ce(v) is compact.

Proof: Let a compact subset K of D and a norm v on V be given.
If D = & then (58.4) is trivial. We assume now that D # £ and put
S := &\ D. We define d : £ — P as in Prop.6 of Sect.56. Since S is closed
by Prop.5 of Sect.53 it follows from Prop.6 of Sect.56 that S = d<({0}) and
hence d-(K) C d~(D) C P*. Since d|x is continuous, by the Theorem on
Attainment of Extrema it attains a minimum o € P*. We choose § €]0, o].
(6 := 20 would do.) Then d=(K)N[0, 5] = 0 and hence KNd<([0,5]) = @. By
(56.11), it follows that KN(S+dCe(v)) = 0 and hence ) = (K+6Ce(v))NS =
(K + 6Ce(v)) N (€ \ D), which is equivalent to (58.4).

The Compactness of K + §Ce(v) is a consequence of Prop.5. |

We now assume that D and D’ are subsets of flat spaces £ and £ with
translation spaces V and V', respectively. Recall Def.3 of Sect.55.

Proposition 7: Let o be a sequence in Map (D, D’) that converges lo-
cally uniformly to . Then, for every compact subset IC of D, the sequence
(on |k | n € N*) converges uniformly to ¢|x.

Proof: Let K be a non-empty compact subset of D. For every
g € K we can choose an open neighborhood G, of ¢ such that the sequence
(onlg, | » € N*) converges uniformly. Then {G, | ¢ € K} is a collection of
open sets that covers K. Since K is compact, we can choose a finite subset £
of IC such that {G, | ¢ € £} still covers K. Now let M’ € Nhdy()’) be given.
For every g € € we can then determine r, € N* such that

om(z) € p(x) + M' for all mer,+N, z€gG,ND. (58.5)

We note that ¢ # ) and put n := max {ry | ¢ € £¢}. Since m € n + N implies
m € rq+ N for all ¢ € ¢, it follows from (58.5) that oy, (z) € ¢(x) + M’ for
allm € n+N and all z € K. Since M’ € Nhdg(V') was arbitrary, it follows
that {0y, |x | n € N*} converges uniformly. |
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(1)

(2)

59

(6)

Notes 58

What we call the “Compactness Theorem” is often called the “Heine-Borel Theo-
rem”, the “Borel-Lebesgue Theorem”, or the “Heine-Borel-Lebesgue Theorem”.

Prop.2 is sometimes called “Lebesgue’s Covering Lemma” and a number o € P*

that has the property mentioned in Prop.2 is often called a “Lebesgue number” of
a given covering collection &.

Problems for Chapter 5

Let S be a bounded subset of a linear space V such that LspS = V.
Show that

B :=Int Cxh(S U (=S)) (P5.1)

is a norming cell in V.

Show that the boundary of a box in a flat space £ of dimension n is
the union of a collection of 2n closures of boxes in hyperplanes in £.

Let £ be a flat space and let ¢ € £ be given. Show that a subset &
of £ is bounded if and only if, for every N' € Nhdg(V) one can find
o € P* such that (S —¢) C N.

Let S be a non-empty subset of a flat space £. Let v be a norm on
VY := & — £. Prove that, for every § € P>,

diam, (S + 6Ce(v)) = diam, (S + §Ce(v)) = diam, (S) + 25,  (P5.2)

where Ce(v) and Ce(v) are given by (51.8) and (51.9), and where the
diameter diam, is defined by (52.1).

Let V and V' be genuine inner-product spaces with 0 < dim)V < dim)”’.
Show that

|IR||=1 and |R|=VdimV
for all R € Orth(V, V).

Let V be a linear space.
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(a) Prove: If f := (f;|i € I) is a finite family in V and
C := Cxh((Rngf) U (—Rngf)), (P5.3)

then, for all v € RnglIncy,

inf{teP|vetC}= inf{Z\)\i\ A€ lncf({v})} (P5.4)
el
(see Sect.37).

(b) Let B := (B;]i € I) be a finite family in (V*)* that spans V*.
Show that v : V — P, defined by

v(v) :=max{|3;v||i € I} (P5.5)
is a norm on V and that the corresponding norming cell is given
by

Ce(v) = ,ﬂfﬂf(]—l, 1[). (P5.6)

1€

(c¢) Let the norm v on V be defined as in Part (b). Show that its
dual v* (see Sect.52) is given by

v*(A) = inf {Z]aﬂ

iel

ac lnc5<({)\})} (P5.7)

for all A € V*. Also, show that v* = nog+ when
B* := Int Cxh((Rng B) U (—Rng 3)). (P5.8)

(Hint: Use Part (a).)

(d) Using Part (c), show that (52.18) holds when b is a basis of V
and that

Dmd(b) = Int Cxh((Rngb) U (—Rngb)). (P5.9)

(7) Let V and W be linear spaces and let v and w be norms on V and W,
respectively.

(a) Show that
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[|w @ Al]yw = w(w)r*(X) (P5.10)

forall A e V*,w e W.

(b) Let L € Lin(V, W) and bases b := (b; |i € I) and ¢ := (¢ |j € J)
of V and W, respectively, be given. Let M € R7*! be the matrix
of L relative to b and ¢ (see Sect.16). Show that

Lo <aB > [Mjl, (P5.11)
(Ji)eJXI

where
a:=max{v*(b})|i e I}, B :=max(w(c;)|jeJ). (P512)

(8) Let V and W be linear spaces and let L € Lin(V, W) and bases b and
c be given as in Part (b) of Problem 7.

(a) Prove that

||LH1/,w = max { > |Mj,i’ 1€l } (P5.13)
Jj€J
when v :=noppq(p), W := NOpmd(c)-
(b) Prove that
HLuu,w:max{er-,ir jed) (P5.14)
el
when v := NOpuy(p), W = NOBuy(c)- (Hint: Use Part (a) and

Prop.7 of Sect.52.)

(9) Let & be a flat space and let (z,y,z) be a flatly independent triple
of points in £. Also, assume that p,o and 7 are sequences in R and
indexed on N* such that

pn+on+1, =1 forall neN*, (P5.15)
so that

Sp = PnT + opY + Thz (P5.16)
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is meaningful for each n € N* as a symbolic sum (see (35.5)).
(a) Show that the sequence s := (s, |n € N*) converges if and only
if both p and o converge.
(b) Show: If s has a cluster point, so do p,o and 7.

(c) Give an example of sequences p, o, T satisfying (P5.15) such that
p,o, T all have cluster points but the sequence s, as defined by
(P5.16), has no cluster point.

(10) Let a flat space £, a point g € £, and anorm v on V := £ — & be given.
Consider the v-cell C := ¢ + Ce(v) with closure C := ¢ + Ce(v) (see
Def.4 of Sect.51). For each n € N define f,, : C — R by

fa(z) = (v(@ —q))* for all z€C. (P5.17)

(a) Show that the sequence f := (f,, | n € N) in Map (C,R) converges
and find its limit.

(b) Show that the sequence f does not converge locally uniformly.

(c¢) Show that the sequence (fy|c | n € N) converges locally uniformly
but not uniformly.

(11) Let S be a subset of a flat space £ and let C be a closed subset of
V=€
(a) Show that S+ C is closed if S is compact.
(b) Give a counterexample which shows that S+C need not be closed
it S is closed.
(12) Let K be a compact subset of a flat space &.

(a) Let (Gn| n € N¥) be a sequence in Sub K such that G, is open
relative to K for each n € N*|

Gni1 DG, for all neN*,
and |J(G, | n € N*) = K. Show that there is m € N* such that
K= Gn.

(b) Let f:=(fn| n € N*) be a sequence in Map (K, R) such that f,
is continuous for each n € N*|
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frot1 < fn (value-wise) for all n € N,

and f converges (value-wise) to a continuous function
g € Map (K,R). Prove that f converges uniformly to g. (Hint:
Apply Part (a) to the case when

Gn = (fn—9)<([0,¢[), where &€ P*.)

Note: The result of Part (b) is usually called “Dini’s Theorem”. ]

(13) Let £ and &' be flat spaces and let ¢ : & — &' be a continuous
mapping. Show: If the pre-image under ¢ of every bounded subset of
&' is bounded, then Rng ¢ is a closed subset of £’. (Hint: Use Prop.6
of Sect.55, the Cluster Point Theorem, and Prop.2 of Sect.56.)



